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HERMITE-HADAMARD TYPE INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS ON THE
CO-ORDINATES
ERHAN SET♣ AND I˙MDAT I˙S¸CANH
Abstract. A function f : [a, b] ⊂ R → R is said to be convex if whenever
x, y ∈ [a, b] and t ∈ [0, 1], the following inequality holds:
f(tx + (1 − t)y) ≤ tf(x) + (1− t)f(y)
In recent years, new classes of convex functions have been introduced in order
to generalize the results and to obtain new estimations. We also introduce the
concept of harmonically convex functions on the co-ordinates. Also, we estab-
lish some inequalities of Hermit-Hadamard type as S.S. Dragomir’ s results in
Theorem 2 and other Hermit-Hadamard type inequalities for these classes of
functions.
1. Introduction
Let f : I ⊆ R→ R be a convex mapping defined on the interval I of real
numbers and a, b ∈ I, with a < b. The following double inequality is well known in
the literature as the Hermite-Hadamard inequality [2]:
f
(
a+ b
2
)
≤
1
b− a
∫ b
a
f (x) dx ≤
f (a) + f (b)
2
.
In [5], Iscan gave definition of harmonically convexity as follows:
Definition 1. Let I ⊂ R\ {0} be a real interval. A function f : I → R is said to
be harmonically convex, if
(1.1) f
(
xy
tx+ (1− t)y
)
≤ tf(y) + (1 − t)f(x)
for all x, y ∈ I and t ∈ [0, 1]. If the inequality in (1.1) is reversed, then f is said to
be harmonically concave.
The following result of the Hermite-Hadamard type for harmonically convex
functions holds.
Theorem 1. [5] Let f : I ⊂ R\ {0} → R be a harmonically convex function and
a, b ∈ I with a < b. If f ∈ L[a, b] then the following inequalities hold
(1.2) f
(
2ab
a+ b
)
≤
ab
b− a
b∫
a
f(x)
x2
dx ≤
f(a) + f(b)
2
.
The above inequalities are sharp.
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For recent results and new inequalities related to harmonically convex functions,
see [5, 6, 7].
Let us now consider a bidemensional interval ∆ =: [a, b]× [c, d] in R2 with a < b
and c < d. A function f : ∆ → R is said to be convex on ∆ if the following
inequality:
f(tx+ (1− t) z, ty + (1− t)w) ≤ tf (x, y) + (1− t) f (z, w)
holds, for all (x, y) , (z, w) ∈ ∆ and t ∈ [0, 1] . A function f : ∆ → R is said to be
on the co-ordinates on ∆ if the partial mappings fy : [a, b] → R, fy (u) = f (u, y)
and fx : [c, d]→ R, fx (v) = f (x, v) are convex where defined for all x ∈ [a, b] and
y ∈ [c, d] (see [2, p. 317]).
Also, in [3], Dragomir establish the following similar inequality of Hadamard’s
type for co-ordinated convex mapping on a rectangle from the plane R2.
Theorem 2. Suppose that f : ∆ → R is co-ordinated convex on ∆.Then one has
the inequalities:
(1.3)
f
(
a+ b
2
,
c+ d
2
)
≤
1
2
[
1
b− a
∫ b
a
f
(
x,
c+ d
2
)
dx+
1
d− c
∫ d
c
f
(
a+ b
2
, y
)
dy
]
≤
1
(b− a) (d− c)
∫ b
a
∫ d
c
f (x, y) dydx
≤
f (a, c) + f (a, d) + f (b, c) + f (b, d)
4
.
The above inequalities are sharp.
Similar results can be found in [2]-[4] and [8]-[13].
Motivated by [2, 3, 5, 13], we will explore a new concept of co-ordinated convex
functions which is called harmonically convex functions on the co-ordinates. By
virtue of this new concept, we except to present another interesting and important
Hermite-Hadamard inequalities for these classes of functions.
2. Main Results
Definition 2. Let us consider the bidimensional interval ∆ = [a, b] × [c, d] in
(0,∞) × (0,∞) with a < b and c < d. A function f : ∆ → R is said to be
harmonically convex on ∆ if the following inequality:
f
(
xz
tz + (1− t)x
,
yw
tw + (1− t)y
)
= f
(
1
t
x +
1−t
z
,
1
t
y +
1−t
w
)
(2.1)
≤ tf(x, y) + (1− t)f(z, w)
holds, for all (x, y), (z, w) ∈ ∆ and t ∈ [0, 1]. If the inequality in (2.1) is reversed,
then f is said to be harmonically concave on ∆.
Definition 3. Let us consider the bidimensional interval ∆ = [a, b] × [c, d] in
(0,∞) × (0,∞) with a < b and c < d. A function f : ∆ → R is said to be
harmonically convex on the co-ordinates if the partial mappings fy : [a, b] → R,
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fy(u) := f(u, y) and fx : [c, d] → R, fx(v) := f(x, v) are harmonically convex
where defined for all y ∈ [c, d] and x ∈ [a, b] .
We note that if fx and fy are convex and nondecreasing function then fx and fy
are harmonically convex. If fx and fy are harmonically convex and nonincreasing
function then fx and fy are convex. Also, in definition 2 and definition 3, (0,−∞)×
(0,∞) or (0,−∞)× (0,−∞) or (0,∞)× (0,−∞) instead of (0,∞)× (0,∞) can be
chosen.
The following lemma holds:
Lemma 1. Every harmonically convex function f : ∆→ R is harmonically convex
on the co-ordinates, but the converse is not generally true.
Proof. Suppose that f : ∆→ R harmonically convex on ∆. Consider fx : [c, d]→ R,
fx(v) = f(x, v). Then for all t ∈ [0, 1] and v, w ∈ [c, d] one has:
fx
(
vw
tw + (1− t)v
)
= f
(
x,
vw
tw + (1 − t)v
)
= f
(
x2
tx+ (1− t)x
,
vw
tw + (1− t)v
)
≤ tf(x, v) + (1− t)f(x,w)
= tfx(v) + (1− t)fx(w)
which shows the harmonically convexity of fx.
The fact that fy : [a, b]→ R, fy(u) = f(u, y) is also harmonically convex on [a, b]
for all y ∈ [c, d] goes likewise and we shall omit the details.
Now, consider f : [1, 3] × [2, 3] → [0,∞) given f(x, y) = (x − 1)(y − 2). It is
obvious that f is harmonically convex on the co-ordinates but is not harmonically
convex on [1, 3] × [2, 3]. Indeed, for (1, 3), (2, 3) ∈ [1, 3] × [2, 3] and t ∈ (0, 1) we
have
f
(
2
2t+ (1− t)1
,
9
3t+ 3(1− t)
)
= f
(
2
1− t
, 3
)
=
1 + t
1− t
tf(1, 3) + (1 − t)f(2, 3) = 0.
Thus for all t ∈ (0, 1), we have
f
(
2
2t+ (1 − t)1
,
9
3t+ 3(1− t)
)
> tf(1, 3) + (1− t)f(2, 3)
which shows that f is not harmonically convex on [1, 3]× [2, 3]. 
The following inequalities of Hermite-Hadamard type hold.
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Theorem 3. Suppose that f : ∆ = [a, b]× [c, d] ⊆ (0,∞)× (0,∞)→ R is harmon-
ically convex on the co-ordinates on ∆. Then one has the inequalities:
f
(
2ab
a+ b
,
2cd
c+ d
)
(2.2)
≤
1
2

 ab
b − a
b∫
a
f
(
x, 2cdc+d
)
x2
dx+
cd
d− c
d∫
c
f
(
2ab
a+b , y
)
y2
dy


≤
abcd
(b− a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)
2
dxdy
≤
1
4

 ab
b − a
b∫
a
f (x, c)
x2
dx+
ab
b− a
b∫
a
f (x, d)
x2
dx
+
cd
d− c
d∫
c
f (a, y)
y2
dy +
cd
d− c
d∫
c
f (b, y)
y2
dy


≤
f(a, c) + f(a, d) + f(b, c) + f(b, d)
4
.
The above inequalities are sharp.
Proof. Since f : ∆ → R is harmonically convex on the co-ordinates it follows that
the mapping hx : [c, d]→ R, hx(y) = f(x, y) is harmonically convex on [c, d] for all
x ∈ [a, b] . Then by inequality (1.2) one has:
hx
(
2cd
c+ d
)
≤
cd
d− c
d∫
c
hx(y)
y2
dy ≤
hx(c) + hx(d)
2
, x ∈ [a, b] .
That is,
f
(
x,
2cd
c+ d
)
≤
cd
d− c
d∫
c
f(x, y)
y2
dy ≤
f(x, c) + f(x, d)
2
, x ∈ [a, b] .
Integrating this inequality on [a, b], we have:
ab
b− a
b∫
a
f
(
x, 2cdc+d
)
x2
dx(2.3)
≤
abcd
(b− a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)
2
dxdy
≤
1
2

 ab
b− a
b∫
a
f (x, c)
x2
dx +
ab
b− a
b∫
a
f (x, d)
x2
dx

 .
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By a similar argument applied for the mapping hy : [a, b]→ R, hy(x) = f(x, y) we
get
cd
d− c
d∫
c
f
(
2ab
a+b , y
)
y2
dy(2.4)
≤
abcd
(b− a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)2
dxdy
≤
1
2

 cd
d− c
d∫
c
f (a, y)
y2
dy +
cd
d− c
d∫
c
f (b, y)
y2
dy

 .
Summing the inequalities (2.3) and (2.4), we get the second and the third inequality
in (2.2).
By the inequality (1.2) we also have:
f
(
2ab
a+ b
,
2cd
c+ d
)
≤
ab
b− a
b∫
a
f
(
x, 2cdc+d
)
x2
dx
and
f
(
2ab
a+ b
,
2cd
c+ d
)
≤
cd
d− c
d∫
c
f( 2aba+b , y)
y2
dy
which give, by addition, the first inequality in (2.2).
Finally, by the inequality (1.2) we also have:
ab
b− a
b∫
a
f (x, c)
x2
dx ≤
f(a, c) + f(b, c)
2
ab
b− a
b∫
a
f (x, d)
x2
dx ≤
f(a, d) + f(b, d)
2
cd
d− c
d∫
c
f (a, y)
y2
dy ≤
f(a, d) + f(a, c)
2
and
cd
d− c
d∫
c
f (b, y)
y2
dy ≤
f(b, c) + f(b, d)
2
which give, by addition, the last inequality in (2.2).
If in (2.2) we choose f(x) = 1, then (2.2) becomes an equality, which shows that
(2.2) are sharp. 
Lemma 2. Let f : ∆ = [a, b]×[c, d] ⊆ (0,∞)×(0,∞)→ R be a partial differentiable
mapping on ∆ with a < b and c < d. If ∂
2f
∂t∂s ∈ L(∆), then the following equality
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holds
f(a, c) + f(a, d) + f(b, c) + f(b, d)
4
+
abcd
(b− a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)
2
dxdy
−
1
2

 ab
b− a
b∫
a
f (x, c)
x2
dx+
ab
b− a
b∫
a
f (x, d)
x2
dx
+
cd
d− c
d∫
c
f (a, y)
y2
dy +
cd
d− c
d∫
c
f (b, y)
y2
dy


=
abcd(b− a)(d− c)
4
1∫
0
1∫
0
(1− 2t)(1− 2s)
(AtBs)
2
∂2f
∂t∂s
(
ab
At
,
cd
Bs
)
dtds,
where At = tb+ (1 − t)a and Bs = sd+ (1 − s)c.
Proof. By integration by parts, we get
(2.5)
abcd(b− a)(d− c)
4
1∫
0
1∫
0
(1− 2t)(1− 2s)
(AtBs)
2
∂2f
∂t∂s
(
ab
At
,
cd
Bs
)
dtds
=
cd(d− c)
4
1∫
0
(2s− 1)
B2s
×

(1− 2t)∂f∂s
(
ab
At
,
cd
Bs
)∣∣∣∣
1
0
+ 2
1∫
0
∂f
∂s
(
ab
At
,
cd
Bs
)
dt

 ds
=
cd(d− c)
4
1∫
0
(1− 2s)
B2s
[
∂f
∂s
(
a,
cd
Bs
)
+
∂f
∂s
(
b,
cd
Bs
)]
ds
+
cd(d− c)
2
1∫
0
1∫
0
(2s− 1)
B2s
∂f
∂s
(
ab
At
,
cd
Bs
)
dtds
Thus, again by integration by parts in the right hand side of (2.5), it follows that
=
1
4
(2s− 1)
[
f
(
a,
cd
Bs
)
+ f
(
b,
cd
Bs
)]∣∣∣∣
1
0
−
1
2
1∫
0
f
(
a,
cd
Bs
)
+ f
(
a,
cd
Bs
)
ds
+
1
2
1∫
0
(1− 2s) f
(
ab
At
,
cd
Bs
)∣∣∣∣
1
0
dt+
1∫
0
1∫
0
f
(
ab
At
,
cd
Bs
)
dtds
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=
1
4
[f (a, c) + f (b, c) + f (a, d) + f (b, d)]−
1
2
1∫
0
f
(
a,
cd
Bs
)
+ f
(
a,
cd
Bs
)
ds
−
1
2
1∫
0
f
(
ab
At
, c
)
+ f
(
ab
At
, d
)
dt+
1∫
0
1∫
0
f
(
ab
At
,
cd
Bs
)
dtds
=
f(a, c) + f(a, d) + f(b, c) + f(b, d)
4
+
abcd
(b− a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)
2
dxdy
−
1
2

 ab
b− a
b∫
a
f (x, c)
x2
dx+
ab
b− a
b∫
a
f (x, d)
x2
dx
+
cd
d− c
d∫
c
f (a, y)
y2
dy +
cd
d− c
d∫
c
f (b, y)
y2
dy

 ,
which completes the proof. 
Theorem 4. Let f : ∆ = [a, b]× [c, d] ⊆ (0,∞)× (0,∞)→ R be a partial differen-
tiable mapping on ∆ with a < b and c < d. If ∂
2f
∂t∂s ∈ L(∆) and
∣∣∣ ∂2f∂t∂s ∣∣∣q, q > 1, is a
harmonically convex function on the co-ordinates on ∆ then one has the inequality:∣∣∣∣∣∣
f(a, c) + f(a, d) + f(b, c) + f(b, d)
4
+
abcd
(b− a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)
2
dxdy
−
1
2

 ab
b− a
b∫
a
f (x, c)
x2
dx+
ab
b− a
b∫
a
f (x, d)
x2
dx
+
cd
d− c
d∫
c
f (a, y)
y2
dy +
cd
d− c
d∫
c
f (b, y)
y2
dy


∣∣∣∣∣∣
≤
ac(b− a)(d − c)
4bd (p+ 1)
2/p
×

C1
∣∣∣ ∂2f∂t∂s (a, c)∣∣∣q + C2 ∣∣∣ ∂2f∂t∂s (a, d)∣∣∣q + C3 ∣∣∣ ∂2f∂t∂s (b, c)∣∣∣q + C4 ∣∣∣ ∂2f∂t∂s (b, d)∣∣∣q
4


1/q
where At = tb+ (1 − t)a, Bs = sd+ (1 − s)c and
C1 = 2F1
(
2q, 1; 2; 1−
a
b
)
× 2F1
(
2q, 1; 2; 1−
c
d
)
,
C2 = 2F1
(
2q, 1; 2; 1−
a
b
)
× 2F1
(
2q, 2; 3; 1−
c
d
)
,
C3 = 2F1
(
2q, 2; 3; 1−
a
b
)
× 2F1
(
2q, 1; 2; 1−
c
d
)
,
C4 = 2F1
(
2q, 2; 3; 1−
a
b
)
× 2F1
(
2q, 2; 3; 1−
c
d
)
,
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β is Euler Beta function defined by
β(x, y) =
Γ(x)Γ(y)
Γ(x + y)
=
∫ 1
0
tx−1(1− t)y−1dt, x, y > 0,
and is 2F1 is hypergeometric function defined by
2F1 (a, b; c; z)
=
1
β(b, c− b)
∫ 1
0
tb−1(1− t)c−b−1(1− zt)−adt, c > b > 0, |z| < 1 (see [1]) .
Proof. From Lemma (2), we have
∣∣∣∣∣∣
f(a, c) + f(a, d) + f(b, c) + f(b, d)
4
+
abcd
(b− a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)2
dxdy
−
1
2

 ab
b− a
b∫
a
f (x, c)
x2
dx+
ab
b− a
b∫
a
f (x, d)
x2
dx
+
cd
d− c
d∫
c
f (a, y)
y2
dy +
cd
d− c
d∫
c
f (b, y)
y2
dy


∣∣∣∣∣∣
≤
abcd(b− a)(d− c)
4
1∫
0
1∫
0
|(1− 2t)(1− 2s)|
(AtBs)
2
∣∣∣∣ ∂2f∂t∂s
(
ab
At
,
cd
Bs
)∣∣∣∣ dtds.
By using the well known Holder inequality for double integrals, f : ∆→ R is har-
monically convex function on the co-ordinates on ∆, then one has the inequalities:
∣∣∣∣∣∣
f(a, c) + f(a, d) + f(b, c) + f(b, d)
4
+
abcd
(b − a) (d− c)
b∫
a
d∫
c
f(x, y)
(xy)
2
dxdy
−
1
2

 ab
b− a
b∫
a
f (x, c)
x2
dx+
ab
b− a
b∫
a
f (x, d)
x2
dx
+
cd
d− c
d∫
c
f (a, y)
y2
dy +
cd
d− c
d∫
c
f (b, y)
y2
dy


∣∣∣∣∣∣
≤
abcd(b− a)(d− c)
4
×

 1∫
0
1∫
0
|(1− 2t)(1− 2s)|
p
dtds


1/p
 1∫
0
1∫
0
(AtBs)
−2q
∣∣∣∣ ∂2f∂t∂s
(
ab
At
,
cd
Bs
)∣∣∣∣
q
dtds


1/q
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≤
abcd(b− a)(d− c)
4bd (p+ 1)
2/p
(2.6)
×

 1∫
0
1∫
0
(AtBs)
−2q
(
ts
∣∣∣∣ ∂2f∂t∂s (a, c)
∣∣∣∣
q
+ t(1− s)
∣∣∣∣ ∂2f∂t∂s (a, d)
∣∣∣∣
q
(1− t)s
∣∣∣∣ ∂2f∂t∂s (b, c)
∣∣∣∣
q
+ (1− t)(1− s)
∣∣∣∣ ∂2f∂t∂s (b, d)
∣∣∣∣
q)
dtds
)1/q
,
where an easy calculation gives
1∫
0
1∫
0
(AtBs)
−2q
tsdtds(2.7)
=
1
4 (bd)
2q × 2F1
(
2q, 1; 2; 1−
a
b
)
× 2F1
(
2q, 1; 2; 1−
c
d
)
1∫
0
1∫
0
(AtBs)
−2q
t(1− s)dtds(2.8)
=
1
4 (bd)
2q × 2 F1
(
2q, 1; 2; 1−
a
b
)
× 2F1
(
2q, 2; 3; 1−
c
d
)
1∫
0
1∫
0
(AtBs)
−2q (1− t)(1− s)dtds(2.9)
=
1
4 (bd)2q
× 2F1
(
2q, 2; 3; 1−
a
b
)
× 2F1
(
2q, 1; 2; 1−
c
d
)
1∫
0
1∫
0
(AtBs)
−2q (1− t)(1− s)dtds(2.10)
=
1
4 (bd)2q
× 2F1
(
2q, 2; 3; 1−
a
b
)
× 2F1
(
2q, 2; 3; 1−
c
d
)
Hence, If we use (2.7)-(2.10) in (2.6), we obtain the desired result. This completes
the proof. 
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